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We develop the language and the tools to create a new family of integer
sequences. The concrete motivation for this article came from a combinatorial
w Ž . Ž . xcounting problem first posed by Cipra Math. Mag. 65 1 1992 , 56 and still open
 0 1 ky14 w xin full generality. Let C be the cyclic group q , q , . . . , q and let Z C bek k
the algebra of polynomials in the variables q0, q1, q2, . . . , q ky1 with coefficients
from Z. We introduce weighted rooted necklaces, which give a combinatorial
w x w xinterpretation of Z C . Actions on Z C via a family of operators of the formk k
Ž w x. tŽ w x w x. w x w x w xR f q s q f q q h q , where t g Z and h q , f q g Z C , are introduced.k
Ž w x. yf w0xŽ w xIn particular we study the nonlinear, invertible operator R f q s q f q y
w x f w0x Ž w x. i. w x ky 1 i w x w xf 0 q Ý s f 0 q , where f q s Ý n q g Z C and f 0 s n . The op-is1 is0 i k 0
w xerator R creates equivalence classes on Z C . We determine a recursive functionk
w x k i w xto count the equivalence class containing G q s Ý q g Z C which solves ais0 k
special case of the aforementioned counting problem posed by Cipra. We give a
closed form for such recursive formula in some instances. We also develop a series
of related questions. Q 1998 Academic Press
1. INTRODUCTION
Let Z be the set of integers, let N be the set of nonnegative integers,
 0 1 2 ky14and let C be the cyclic group q , q , q , . . . , q . The ring of polynomi-k
w x w xals Z C and its subset N C provide an exciting environment fork k
counting problems.
1.1. The E¤aluation Map
w x Ž w x. w xThe evaluation map E : Z C “ Z defined by E f q s f s is NOTs k s
Ž .a ring homomorphism unlike the case for real polynomials, for example .
w x i w xNevertheless, for f q s Ý n q g Z C , it will be quite handy to use thei k
w x w xnotation f 1 s Ý n and f 0 s n throughout the article.i 0
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1.2. Necklaces
The example in the following text is related to the main result in this
article.
 w x w x w x 4DEFINITION 1. Let A s f q g N C : f 1 s w .Žk , w . k
EXAMPLE 1. Using elementary counting tools it is possible to see what
the number of elements in A is. Therefore,Žk , k .
ky1
k q 1 k y 2A s . 1Ž .ÝŽk , k . ž / ž /k y i k y i y 1
is1
w xWe next assign a combinatorial meaning to Z C .k
Ž .DEFINITION 2. Define a necklace E with k nodes n , . . . , n to be0 ky1
w x 4 w x w xthe graph n , n : 0 F i F k y 2 j n , n , where n , n is a seti iq1 ky1 0 i j
with two elements. Now define a weighted rooted necklace to be a
necklace with exactly one of its nodes called the root, and each node ni
Ž .having an integer weight v n . We will always label the root of a weightedi
rooted necklace as n . We denote by WRN the set of weighted rooted0 k
necklaces with k nodes.
Ž .The total weight of a weighted rooted necklace f s n , . . . , n is0 ky1
Ž . ky1 Ž .v f s Ý v n .is0 i
w xNote that the indices of the coefficients, and the powers, in f q s
i w xÝ n q g Z C are equivalence classes modulo k, and so, for example,i k
n s n and q0 s q k.0 k
w x iDEFINITION 3. Let f : Z C “ WRN be defined by sending Ý n q “k k i
Ž .n , . . . , n . Define B to be the image of A under f. B is0 ky1 Žk , w . Žk , w . Žk , w .
the subset of WRN of necklaces with each node having a nonnegativek
w xweight and total weight w. The image of N C under f is D Bk ig N Žk , i.
Ž .we call such images B from now on.k
w xLEMMA 1. The map f : Z C “ WRN is a weight preser¤ing bijection.k k
However, as a consequence of Lemma 1, we will sometimes cross the
w xlanguage barrier between polynomials in Z C and weighted rootedk
Ž . Ž .necklaces in WRN . In the polynomial setting we have 1 summands, 2k
Ž .coefficients' numerical values, and 3 coefficients' indices which equal the
Ž . Ž .powers of q. In the necklaces setting we have 1 nodes, 2 node weights,
Ž .and 3 node indices. We will identify summands and nodes, coefficients'
Ž .numerical value, and node weights, coefficient indices or powers of q and
node indices.
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FIG. 1. The members of B .Ž3, 3.
Ž .EXAMPLE 2. The members of B are the root is the thicker circle .Ž3, 3.
See Fig. 1.
The corresponding elements in A areŽ3, 3.
A s 1 q q q q2 , 2 q q , 1 q 2 q2 , 1 q 2 q , 3,Ž3, 3.
2 q q q2 , q q 2 q2 , 2 q q2 , 3q , 3q2 .4
w x2. COMBINATORIAL OPERATORS ON Z Ck
Ž .w xHere is the game. First choose an operator of the form R f q s
tŽ w x w x. w x w x w x Ž w x. Ž . w xq f q q h q , where t g Z, f q , h q g Z C , and f 1 s R f 1 .k
w x ky1 iThen try to find the size of the orbit of G q s Ý q under R. Wek is0
w xdenote such operators combinatorial operators and the orbit of G q thek
k-cyclotomic class under R. In a more general setting, to include all cases
Ž .from the Cipra problem see Section 3.4 we would try to find the size of
w x ky1 i w xthe orbit of G q s n Ý q under R. We denote the orbit of G qn, k is0 n, k
Ž .the n, k -cyclotomic class under R.
IŽ w x. y1Ž w x . IEXAMPLE 3. Let R f q s q f q y 1 q q . Let S denote thek
w x Isize of the orbit of G q . Then S s k.k k
yf w0xŽ w x w x f w0x Ž w x. i.3. THE OPERATOR R s q f q y f 0 q Ý s f 0 qis1
w x i w x Ž w x. Ž w x.DEFINITION 4. Let f q s Ý n q g Z C , and s f 0 s Sign f 0 .i k
w x w xWe define R: Z C “ Z C as follows,k k
w xf 0
yf w0x iw x w x w x w xR f q s q f q y f 0 q s f 0 q . 2Ž .Ž . Ž .Ýž /is1
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Ž w x. w xIt is easy to see that R is not a linear operator and that R f 1 s f 1 .
We next describe an action on B equivalent to R.k
c cw xDEFINITION 5. Let a g B . We define R : B “ B as follows. R ak k k
is obtained by replacing the value of the root by 0, then adding a 1 to the
nodes n , . . . , n and then calling n the root. In other words, think of1 n n0 0 cŽ .the weight of a node n as a set of chips; we can obtain R a as follows.i
Pick up the chips at the root n and distribute them one chip each to the0
nodes n , then to the nodes n , and so on, until all chips are gone; then1 2
rename the last node to receive a chip ``the root'' and relabel the rest of
the nodes accordingly.
Ž w x. cThe operators R restricted to N C and R are essentially the same.k
3.1. The In¤erse of Rc
IŽ w x. y1Ž w x .The inverse of R f q s q f q y 1 q q can easily be seen to be
Ž I .y1Ž w x. Ž w x. c ŽR f q s q f q q 1 y q. The inverse of R or R restricted to
w x. Ž .N C can be easily described combinatorially. Let a s n , n , . . . , n ,k 0 1 ky1
Ž c.y1Ž .then R a is obtained as follows:
Ž .0 Let t s 0 be a temporary variable.
Ž . Ž .1 Let i s 0. Decrease n the root by 1 and let t s t q 1.i
Ž . Ž2 Let i s i y 1 recall that the indices are equivalence classes
. Ž . Ž .modulo k . If v n ) 0, decrease v n by 1, let t s t q 1 and go back toi i
Ž . Ž .the beginning of step 2. If v n s 0, then let v n s t, and relabel thei i
nodes as determined by letting n become n .i 0
3.2. Equi¤alence Classes in B under Rck
B can be graded by letting a grade consist of the weighted rootedk
Ž .necklaces having the same total weight we called that set B . BecauseŽk , w .
Rc is invertible and preserves total weight, each grade can be broken up
mŽ .into equivalence classes where a ; b iff ’ m such that R a s b. In
fact, R creates a ``necklace'' for each equivalence class, having weighted
mŽ .rooted necklaces as nodes. Given an equivalence class of size s, if R a
symŽ .s b then R b s a .
EXAMPLE 4. The necklaces in the 3-cyclotomic class are shown in Fig.2.
Ž .In that figure, if necklace N2 is next to in a clockwise manner necklace
cŽ .N1, then R N1 s N2. See Fig. 2.
3.3. The Main Theorem
THEOREM 1. Let S be the number of elements in the equi¤alence class ofk
w x Ž . Ž c. ky1 i ŽN C B under R R that contains the polynomial Ý q the necklacek k is0
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FIG. 2. The 3-cyclotomic class.
Ž . . rwith k 1s 1, 1, . . . , 1 . Call it the k-cyclotomic class. Let k s 2 q 1 q d G 3
r Žwhere r G 0 and 0 - d F 2 any integer k G 3 can be uniquely written in
. jy1 jthis way. Furthermore, let j be the unique integer such that 2 - d F 2 .
By direct computation we see that S s 1 and S s 2. Then, for k G 3,1 2
S s 2S r q 2 ry jS q d2 r y 2 rq1. 3Ž .k 2 q1 dq1
In the case where d achieves its highest possible value, it is easy to see
Ž .that we get a closed form of Eq. 3 .
COROLLARY 1. Let k s 2 r q 1 q d where d s 2 r. Then
S s 2 rq2 y 3 rq1 q 4 rq1. 4Ž .k
3.4. Moti¤ation
In 1992, Cipra posed the problem of counting the number of different
Ž .necklaces that can be obtained from n, n, . . . , n by moving the chips as
Ždescribed in Definition 5 the original problem only described the situation
w x.combinatorially using cups and stones, see 1 . The operator R describes
this problem algebraically, and Theorem 1 solves the problem in the case
n s 1. In 1993, a partial solution for k s 2 and any n was published, see
w x Ž2 . This problem is not solved in general personal communication with B.
.Cipra.
3.5. The Combinatorial Tools Needed to Pro¤e Theorem 1
w x ky1 i w x i w x iŽ .DEFINITION 6. Let G q s Ý q g Z C , and let G q s R Gk is0 k k k
Ž . i w xR is the operator from Definition 4 . That is, G q is the polynomialk
Ž 0w xobtained by applying R ``i'' times to G and so, for example, G q sk k
w x . j i w x i Ž . i w x < jG q . We denote the coefficient of q in G q by n k or by G q ,qk k j k
where 0 F i F S y 1 and 0 F j F k y 1. If the value of k is clear fromk
i w x i Ž .the context, we simply omit the k in G q and n k and we write insteadk j
iw x iG q and n .j
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It is not difficult to see that weights and indices play a major role in this
problem. For instance, from the definition of Rc it immediately follows
that
v niq1 y 1, if v ni ) 0,Ž . Ž .0 0i
iv n sŽ .vŽn . iq1 i0 ½ v n , if v n s 0,Ž . Ž .0 0
which proves the following theorem.
THEOREM 2. Let S be defined as in Theorem 1. Thus,k
S y1 S y2k k
i i
iS s v n y v n . 5Ž .Ž .Ý Ý Ž .k 0 v Žn .0
is0 is0
In order to fully savor the interplay between weights and indices, and as
a combinatorial tool to prove Theorem 1 we introduce the following
matrix.
DEFINITION 7. Let M be the S = k matrix constructed as follows.k k
Ž .First it will be convenient to label the columns of M from 0 to k y 1k
Ž .and to label the rows of M from 0 to S y 1. For 0 F r F S y 1 row rk k k
of M is obtained as follows. Let m be the entry in the r th row and thek r , j
rw x ky1 r j Ž . ry1 iw xjth column of M , let G q s Ý n q , and let a r s Ý G 0k js0 j is0
Ž . rmodulo k ; then m s n . M is referred to as the matrix of ther , Ž jqa Ž r .. j k
k-cyclotomic class.
w x w x w x Ž .Let f q g N C . Note that f 0 corresponds to the weight of the rootk
Ž . w xof the necklace f f . Then, the root sequence of f q determined by R is
the sequence,
w x w x 2 w x ry1 w xf 0 , R f 0 , R f 0 , . . . , R f 0 ,Ž . Ž . Ž .Ž .
where r is the number of elements in the equivalence class containing
w xf q determined by R. In particular, the root sequence of the k-cyclotomic
Ž . Ž w x 1w x Sky1 w x.class is T k s G 0 , G 0 , . . . , G 0 .
EXAMPLE 5. In Fig. 3 is the matrix M , where the roots are underlined.5
Using the notation from Definition 7, we also list the root sequence of the
5-cyclotomic class.
3.6. Some Preliminary Lemmas
The following notation is extremely useful to express the subsequent
results.
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FIG. 3. The root sequence of the 5-cyclotomic class and M .5
Ž .DEFINITION 8. Let I be a finite integer sequence. Then v I s the
< < Ž . isum of the entries in I, I s the number of entries in I, I x s the
Ž .sequence obtained by dropping the first i entries from I, I x s thej
Ž . isequence obtained by dropping the last j entries from I, I › s the
Ž .sequence obtained by taking the first i entries from I, and I › s thej
sequence obtained by taking the last j entries from I. Given a nonnegative
w xw b xinteger b, let a denote the character a repeated b times.
LEMMA 2. Let k s 2 r q 1, where r G 0. Using the notation from Defini-
tion 6, consider the sequence of roots,
w x w x 1 w x Sky1 w x rT k s G 0 s 1, G 0 , . . . , G 0 s 2 q 1 ,Ž .k k k
in the k-cyclotomic class. Then T can be subdi¤ided into subsequences
w x Ž w x w x w x w x. w x Ž t iy1w x t iy1q1w xT k s T k , T k , . . . , T k , W k where T k s G 0 , G 0 ,1 2 m i k k
t iy1 w x. Ž tmw x r .. . . , G 0 , 1 F i F m, t s 0, and W s G 0 s 1, . . . , 1, 2 q 1 withk 0 k
the following properties
Ž . Ž . r Ž . r ra The sum v T s 2 q 1 for 1 F i F m, and v W s 2 q 2 q 1.i
Ž . rb m s 2 y 1.
Ž . t iy1 w xc G 0 ) 1 for 1 F i F m.k
Ž . t iqc w xd G 0 s 1 for 1 F i F m and 0 F c F i.k
Ž . t iy1 w x < ky 1 ky1 t iy1 w xe Let G q denote the coefficient of q in G q . Thenqk k
t iy1w x < ky 1G q s i for 1 F i F m.qk
iy1 j w x Ž .Recall that the partial sum Ý G 0 mod k gives the column positionjs0 k
Ž .of the root in row i of M . Then, Lemma 2 part a is equivalent to sayingk
r Žthat, if k is of the form 2 q 1, the only time the root i.e., the underlined
.number in M is in column 0 in M is precisely in row 0 and in rows t ,k k i
Ž .1 F i F m. Part d of the lemma is equivalent to saying that, if k is of the
CARBONARA AND GREEN412
form 2 r q 1, the root of the necklace has weight 1 in rows t q k,i
Ž .1 F i F m, 0 F k F i; part c means that the root is never in column
Ž .k y 1 i.e., the last column in the first t rows. Therefore the nodes inm
Žcolumn k y 1 of M do not get ``emptied'' once a node becomes the root,k
in the next application of the operator R it gets ``emptied'' because R acts
.by picking up all the chips in the root and distributing them. In fact, part
Ž .e means that the entry in the last column and row t will equal i. Byiy1
looking at W, we realize that the maximum possible value k is attained in
row S y 1, column k y 1. See Example 5.k
Proof of Lemma 2. The existence of the subsequence W follows easily
y1 Ž .by applying R to G q k y 1 times. From the construction of W we can
Ž . r ralso see why in part a the sum of the entries in W equal 2 q 2 q 1.
Ž . Ž . Ž .Parts c and d imply e .
The rest of this proof uses induction on r.
w x Ž .For r s 1, k s 3, W 3 s 1, 1, 3 , and
1 1 1
0 2 1
1 0 2M s .3
0 1 2 0
0 0 3
Ž . w x Ž . Ž w x. 1 Ž w x. 1 1In part a T 3 s 1, 2 , v T 3 s 2 q 1, and v W 3 s 2 q 2 q 1.1 1
Ž . r Ž . 1w x Ž .In part b , m s 2 y 1 s 1. In part c t s 2, G 0 s 2 ) 1. In part d1 3
t1q0 w x t1q1 w x Ž . t1y1 w x < ky 1t s 2, G 0 s 1, and G 0 s 1. In part e G q sq1 3 3 k
2y1w x < 2G q s 1.q3
Therefore the theorem holds true in the base case.
Let k* s 2 ry1 q 1. We assume now the lemma is true for k* and we
prove it for k. Similarly, to denote variables from the lemma related to k*
w x Ž w x w xwe ``*'' them. By induction the sequence T k* s T k* , T k* ,1 2
w x w x. w x Ž tUiy1w x tUi y1w x.. . . , T k* , W k* , where T k* s G 0 , . . . , G 0 , has all them* i
w x Ž w x w x w xdesired properties. We will show that T k s T k , T k , . . . , T k ,1 2 m
w x.W k does too.
Ž . ry1Inducti¤e Step Part 1 . Let 1 F i F m* s 2 y 1. Then
w x w x 1 w x 1T k s 1, T k* x , T k* x , 6Ž .Ž .i i i
and
w x w xW k* s T k . 7Ž .m*q1
Ž .Proof of Inducti¤e Step Part 1 . From the basic definitions and the
inductive assumptions, the first t q 1 rows in M look as in Fig. 4.1 k
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ŽIn the section of M , we have divided the entries into blocks enumeratek
.them from left to right and then top to bottom . In the completely general
Ž . w xillustration see Fig. 4 , except for G 0 , the roots are all in blocks 5 and 9,
and these two blocks are always identical. That follows because by induc-
Ž w x. ry1 tU1 w x ry1tion v T k* s 2 q 1, and so G 0 will be in column 2 q 11 k
Ž r . 1 w xmod 2 q 1 in this case and it will be identical to G 0 . Analogousk*
reasoning shows that in general, for 1 F i F m*, the rows from Mk
w xcontaining T k look as in Fig. 5.i
tUiy1qc w xBy induction, G 0 s 1 for 0 F c F i y 1, which implies that in thek*
last row of the Fig. 5, we have i 0s in the columns following column 0. This
Ž .guarantees the validity of part d of the lemma.
Ž . Ž .That shows Eq. 6 , now we proceed to show Eq. 7 : W * s T .m*q1
Because m* s 2 ry1 y 1, by induction, the rows containing T in Mm*q1 k
have the following form.
w xThe section of M indeed shows that both W k* , and T are onek m*q1
and the same.
Ž w x. ry1 ry1 rFigure 5 shows that v T k s 2 q 1 q 2 s 2 q 1 for 1 F i Fi
ry1 Ž w x. ry1 ry1 rry 12 y 1. Figure 6 shows that v T k s 2 q 2 q 1 s 2 q 1,2
Ž . Ž . Ž .which is part a . The inductive step, part 1 shows properties a , c , and
Ž .d for T , with 1 F i F m* q 1.i
Ž .Inducti¤e Step Part 2 . By looking carefully at row t in M , we seem*q1 k
ry1 w x ry1that the first 2 entries in T k will be 2 1s, followed by them*q2
w x Žsequence T k* note that the fact that in row t instead of a 1 we1 m*q1
ry1 Ž .have a 2 q 1 in the last column makes no difference by parts c and
Ž .. Žw xw2 ry 1 x w ry1 x. ry1 w xry 1d . So T s 1 , T 2 q 1 for 1 F i F 2 y 1 and W k s2 qi i
Žw xw2 r x ry1 ry1 .1 , 2 q 2 q 1 . This completes the proof. Q.E.D.
FIG. 4. Rows 0]t of M r .1 2 q1
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FIG. 5. Rows t y t from M r .iy1 i 2 q1
From the preceding proof the next two corollaries immediately follow.
r w x w x ky1COROLLARY 2. Let k s 2 q 1. Let D q s G q q nq . Then the
w x Ž w x 1w x . w x Ž w x 1w xsequence of roots TD k s D 0 , D 0 , . . . and T k s G 0 s 1, G 0 ,
Sky1 w x r . iw x iw x. . . , G 0 s 2 q 1 ha¤e the same length, D 0 s G 0 for 1 F i - Sk
Sky1 w x ry 1 and D 0 s 2 q 1 q n.
COROLLARY 3. Let k s 2 r q 1, where r G 0. Using the notation from
w x Ž w x 1w xDefinition 6, consider the sequence of roots T k s G 0 s 1, G 0 ,k k
Sky1 w x r . w x. . . , G 0 s 2 q 1 in the k-cyclotomic class. Then T k can be subdi-k
w x Ž d w x d w x d w x d w x.r r¤ided into subsequences T k s T k , T k , . . . , T k , T k where1 2 2 y1 2
d w x Ž d iy1w x d iy1q1w x d iy1 w x. rT k s G 0 , G 0 , . . . , G 0 for 1 F i F 2 , where d s 0,i k k k 0
with the following properties
Ž . Ž d .w x r ra v T k s 2 q 2 s k q 1 for 1 F i F 2 .i
Ž . d Ž r .rb T s 1, 2 q 1 .2
Ž . d iw x rc The degree of G q s k y i q 1 for 0 F i F 2 y 1.k
FIG. 6. Rows t y t from M r .m* m*q1 2 q1
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From Corollary 3 we see that if k s 2 r q 1 then
s y1k
i r r r rq1v n s 2 2 q 2 s 4 q 2 .Ž .Ž .Ý 0
is0
If we put that together with Theorem 2 and Corollary 1, we get the
following surprising result.
THEOREM 3. Let k s 2 k q 1. Then
S y2k
i k
iv n s 3 .Ý Ž .vŽn .0
is0
LEMMA 3. Let k s 2 r q 1 q d where 1 F d F 2 r. Write d s Ýl 2 r i.is1
Then the sequence of roots Tq of the k-cyclotomic class can be broken up into
qw x Ž qw x qw x q w x. rq1rq 1subsequences T k s T k , T k , . . . , T k where for 1 F i F 2 ,1 2 2
qw x Ž diy1w x Ždiy1.q1w x diy1 w x.T k s G 0 , G 0 , . . . , G 0 where d s 0, satisfying the fol-i 0
lowing properties:
Ž . diw x Ž q. rq1a G 0 s 1 and v T s k q 1 for 1 F i F 2 .i
Ž . q Ž r w xw d x.rb T s 1, 2 q 1, 1 .2
Ž . w xw b xc Denote by a the character a repeated b times. Recall that in M ,k
we underline the position corresponding to the root. Then rows d r q 1 and2 y1
d r from M look as follows:2 k
w r x w x w x2 ydy1 d drw x w x w xrRow d q 1 s 0 d 0 2 q 1 0 ,ž /2 y1
w r x w x w x2 ydy1 d dw x w x w xrRow d s 1 d q 1 0 1 1 ,Ž .ž /2
Ž . q w x Ž d w r x w xw d x. r w xr r rd T k s T 2 q 1 , 1 for 1 F i F 2 y 1 and T k2 qi i 2 q2
Ž r .s 1, 2 q d q 1 .
Proof. Let d s Ýl 2 r i. We prove this lemma by induction on l.is1
Ž . r1Step 1 Base Case . Let d s 2 , where r F r.1
w xw2 r xw xw d xConsider M . Because row 0 of M s 1 1 1 , and because of partk k
Ž . qa in Lemma 2 and its corollaries, we can construct T by using justi
w r x d w r1 xentries from T 2 q 1 and T 2 q 1 . Indeed,i i
q w r x Ž iy1. w r x Ž iy1. d w r1 x 1T s T 2 q 1 x , T 2 q 1 › , T 2 q 1 x .Ž .i i i i
Note that from Lemma 2 and its corollaries, the last i entries from
d w r1 x Ž w r x. r Ž d w r1 x.T 2 q 1 are all 1s. Because v T 2 q 1 is 2 q 1 and v T 2 q 1i i i
r1 d w r1 x Ž .is 2 q 2 and the first entry in T 2 q 1 is 1 which is missing we geti
Ž qw x. r r1 r1precisely that v T k s 2 q 2 q 2 s k q 1 for 1 F i F 2 y 1.i
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FIG. 7. Rows 0 y d r in M r .12 y1 2 q1qd
Figures 7 and 8 show the matrix of the k-cyclotomic class for rows 1
through 2 r1. The double-horizontal lines divide the entries in the different
subsequences Tq through Tqr . The single-horizontal lines show examples11 2
of how we build the subsequences.
q w x Ž w r x Ž2 r1y1 . w r x Ž2 r1y1 .r r rThe subsequence T k s T 2 q 1 x , T 2 q 1 › ,1 1 12 2 2
d w r1 x 1 .rT 2 q 1 x .12
FIG. 8. Rows d r y d r in M r .1 12 y1 2 2 q1qd
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w xw b xDenote by a the character a repeated b times. It is not difficult to
see from the preceding arguments that in M ,k
w r r 1 x2 q2w xRow 0 s 1 1 ,
w r1 x w r1 x2 2 y1r r1 1w x w xrRow d y 1 s 0 ??? 2 q 1 0 2 q 1,Ž . Ž .12
w r1 x w r1 x2 2r1w x w xrRow d s 1 1 ??? 2 q 1 0 ,Ž . Ž .12
ryr1 Ž . Ž .r rand in general for 2 F n F 2 y 1, rows d y 1 and d from M1 1n2 n2 k
can be described as follows,
wŽ . r1 x w r 1 xny1 2 y1 2r r1 1w x w xrRow d y 1 s 0 2 q 1 ??? n2 q 1 0 ,Ž . Ž .1n2
wŽ . r1 x w r 1 x w r 1 xny1 2 2 2r1w x w x w xrRow d s 0 1 1 ??? n2 q 1 0 .Ž . Ž .1n2
This readily implies that for 1 F i F 2 r y 1,
qw x w r x Ž iy1. w r x Ž iy1. d w r1 x 1rT k s T 2 q 1 x , T 2 q 1 › , T 2 q 1 x .1Ž .i i i iŽmod 2 .
Ž q. rTherefore v T s k q 1 for 1 F i F 2 y 1.i
We have so far completed the description of Tq through Tqr .1 2 y1
Ž . Ž .r r rA figure of rows d through d will show what happens in the12 y2 2
remaining rows of M . See Fig. 9.k
The conditions provided by row d r r leads to the description of rows12 y2
Ž . Ž .r rd y 1 and d as required in part c . Part d follows by a direct2 2
application of Lemma 2 and its corollaries to the initial conditions given by
row d r.2
Ž . rStep 2 Inductive Step . To prove the inductive step for k s 2 q 1 q d,
with d s Ýl 2 r1, assume the lemma true for k* s d q 1 s 2 r1 q 1 q d*,is1
with d* s Ýl 2 r i.is2
w xw2 r xw x2 r1w xw d*xWe can describe row 0 of M as 1 1 1 1 . By using Lemma 2 andk
its corollaries on row 0, column i, 1 F i F 2 r and 2 r q 1 F i F 2 r q 1 q
2 r1, and the inductive assumption on the last d entries of row 0, we see
that for 1 F i F 2 r1 y 1,
q w r x Ž iy1. w r x Ž iy1. qw x 1T s T 2 q 1 x , T 2 q 1 › , T d q 1 x . 8Ž .Ž .i i i i
q w x Ž d w r1 x w xw d x. Ž . Ž .r rBecause T d q 1 s T 2 q 1 , 1 , parts a and c of Corollary1 12 2
3 show that recursion 8 holds for 2 r1 F i F 2 r1q1 . By induction,
q w x r1r q1T d s 1, 2 q d* q 1 ,Ž .12
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FIG. 9. Rows d r r y d r in M r .12 y2 2 2 q1qd
and so in M ,k
w r 1 x w r1 x2 yd*y1 2 qd*q1r r q11 1w x w xr q1Row d y 1 s 0 2 q d* q 1 0 ??? 2 q 1Ž . Ž .12
w r1 x w x2 d*w x w x= 0 0 ,
w x w r 1 x w r 1 x w x2 r yd* 2 qd* 2 d*r q11 1w x w x w x w xr q1Row d s 0 1 1 ??? 2 q 1 0 0 ,Ž . Ž .12
and in general,
Row d r q1Ž .1n2
r1q1 r 1 w r 1 x w r1 x w xwŽ . x 2 qd* 2 d*ny1 2 q2 yd* r q11w x w x w x w xs 0 1 1 ??? n2 q 1 0 0 .Ž .
All that recreate the initial conditions each time so that we can use
again Lemma 2, the inductive assumptions, and Corollary 3.
Therefore,
q w r x Ž iy1. w r x Ž iy1. qw x 1T s T 2 q 1 x , T 2 q 1 › , T d q 1 x ,Ž .i i i i
for 1 F i F 2 r.
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Ž q. rTherefore v T s k q 1 for 1 F i F 2 y 1. To complete the proof wei
look at the first row of Tqr . The row in M containing the first entry of Tqr2 k 2
is shown in the following text.
w r r1 x w r1 x w r1 x w x2 y2 yd*y1 2 qd*y1 2 d*r r1w x w x w x w xrRow d s 0 2 q d* 0 1 2 0 0 .Ž . Ž . Ž .2 y1
qw x Ž r w xw d x.rThat readily implies that T k s 1, 2 q 1, 1 . The row containing2
q w xrthe first entry in T k looks as follows,2 q1
w r r1 x w r1 x w r1 x w x2 y2 yd*y1 2 qd* 2 d*r1w x w x w x w xrRow d s 1 2 q d* q 1 0 1 1 1 .Ž . Ž .2
Ž .With this initial condition, part d is now a direct consequence of
Corollary 3. Q.E.D.
Now we can proceed to prove the main result.
Proof of Theorem 1. Let k s 2 r q 1 q d, where 1 F d F 2 r and 2 jy1
- d F 2 j.
Let r ) r ) ??? ) r be a sequence of positive integers. First note that1 2 l
if d s Ýl 2 r i then j s r if l s 1 and j s r q 1 otherwise. From theis1 1 1
proof of Lemma 3 we get that
¡ r Ž iy1. r Ž iy1.w x w xT 2 q 1 x , T 2 q 1 › ,Ž i i
q 1 rw xjT d q 1 x , if 1 F i F 2 y 1,.iŽmod 2 .
w xdr rq ~ w x1, 2 q 1, 1 , if i s 2 ,w xT k s Ž .i
w xdd r r rq1w x w xrT 2 q 1 , 1 , if 2 q 1 F i F 2 y 1,ž /iŽmod 2 .¢ r rq11, 2 q d q 1 , if i s 2 .Ž .
This implies that
q r q rw x w x w xr r jT k s W 2 q 1 q T d q 1 y 2 y 1 q d ,2 2 Žmod 2 .
and
q d rw x w xrq 1 rT k s T 2 q 1 .2 2
Therefore,
2 r 2 ry1
q r rw x w x w xT k s T 2 q 1 q W 2 q 1Ý Ýi i
is1 is1
2 j
ry j q r rw xq 2 T d q 1 y 2 y 2 ,Ý i
is1
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and
2 rq1 2 r
d r rw x w xT k s T 2 q 1 q d2 y d,Ý Ýi i
r is1is2 q1
which is equivalent to saying that
S s 2S r q 2 ry jS y 2 rq1 q d2 r .k 2 q1 dq1
Q.E.D.
4. APPENDIX
Ž .The following matrix shows rows t , t , . . . , t from matrix M for0 1 m k
k s 33 as described in Lemma 2,
¡ ƒ
.
¢ §
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
1 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3
1 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4
1 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5
1 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6
1 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7
1 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8
1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 9 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 9
1 0 0 0 0 0 0 0 0 0 2 0 2 0 2 0 10 0 0 0 0 0 0 0 0 0 2 0 2 0 2 0 10
1 0 0 0 0 0 0 0 0 0 0 1 3 0 0 1 11 0 0 0 0 0 0 0 0 0 0 1 3 0 0 1 11
1 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 12
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 13 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 13
1 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 14 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 14
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 15
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 18
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 19
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 20
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 21
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 22
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 23
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 24
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 25
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 0 2 0 26
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 0 0 1 27
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 28
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 29
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 30
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 31
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 32
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Ž .rThe following matrix shows rows d , d , . . . , d from matrix M for0 1 2 y1 k
k s 33 as described in Corollary 3,
¡ ƒ
.
¢ §
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
0 0 1 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3
0 0 0 1 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4
0 0 0 0 1 1 1 1 5 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5
0 0 0 0 0 1 2 0 6 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6
0 0 0 0 0 0 1 1 7 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7
0 0 0 0 0 0 0 1 8 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 9 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 9
0 0 0 0 0 0 0 0 0 1 2 0 2 0 2 0 10 0 0 0 0 0 0 0 0 0 2 0 2 0 2 0 10
0 0 0 0 0 0 0 0 0 0 1 1 3 0 0 1 11 0 0 0 0 0 0 0 0 0 0 1 3 0 0 1 11
0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 12
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 13 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 13
0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 14 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 14
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 15
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 16
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 2 0 2 0 2 0 2 0 2 0 2 0 18
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 3 0 0 1 3 0 0 1 3 0 0 1 19
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 4 0 0 0 4 0 0 0 20
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 5 0 0 0 0 1 1 1 21
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 6 0 0 0 0 0 2 0 22
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 7 0 0 0 0 0 0 1 23
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 8 0 0 0 0 0 0 0 24
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 25
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 2 0 2 0 26
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 3 0 0 1 27
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 28
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 29
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 30
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 31
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 32
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Ž .rq 1The following matrix shows rows d , d , . . . , d from matrix M0 1 2 y1 k
for k s 25 as described in Lemma 3,
¡ ƒ
.
¢ §
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
0 0 1 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3 0 0 1 3
0 0 0 1 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4
0 0 0 0 1 1 1 1 5 0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 5
0 0 0 0 0 1 2 0 6 0 0 0 0 0 2 0 6 0 0 0 0 0 2 0 6
0 0 0 0 0 0 1 1 7 0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 7
0 0 0 0 0 0 0 1 8 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 8
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9 0 0 0 0 0 0 0 0
0 2 0 2 0 2 0 2 0 1 2 0 2 0 2 0 10 0 0 0 0 0 0 0 0
0 0 1 3 0 0 1 3 0 0 1 1 3 0 0 1 11 0 0 0 0 0 0 0 0
0 0 0 4 0 0 0 4 0 0 0 1 4 0 0 0 12 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 5 0 0 0 0 1 1 1 1 13 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 6 0 0 0 0 0 1 2 0 14 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 7 0 0 0 0 0 0 1 1 15 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 1 16 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 9 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
0 2 0 2 0 2 0 10 0 0 0 0 0 0 0 0 0 1 2 0 2 0 2 0 2
0 0 1 3 0 0 1 11 0 0 0 0 0 0 0 0 0 0 1 1 3 0 0 1 3
0 0 0 4 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 1 4 0 0 0 4
0 0 0 0 1 1 1 13 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 5
0 0 0 0 0 2 0 14 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 6
0 0 0 0 0 0 1 15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 7
0 0 0 0 0 0 0 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 8
1 1 1 1 1 1 1 17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 2 0 2 0 2 0 18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 3 0 0 1 19 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 4 0 0 0 20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 1 21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 2 0 22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
The graphs in Fig. 10 show S for different ks as specified in thek
horizontal axes.
 4Some of the values of the integer sequence S ‹ k g N are listed ask
follows,
1, 2, 5, 12, 15, 34, 40, 46, 53, 114, 126, 138, 152, 164, 178, 192, 207, 430, 454, 478,
506, 530, 558, 586, 616, 640, 668, 696, 726, 754, 784, 814, 845, 1722, 1770, 1818,
1874, 1922, 1978, 2034, 2094, 2142, 2198, 2254, 2314, 2370, 2430, 2490, 2552,
42600, 2656, 2712, 2772, 2828, 2888, 2948, 3010 .
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FIGURE 10.
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